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We unravel the nonequilibrium dynamics of two fermionic impurities immersed in a one-
dimensional bosonic gas following an interspecies interaction quench from weak to strong repul-
sions. Monitoring the temporal evolution of the single-particle density of each species we reveal
the existence of four distinct dynamical regimes. For weak interspecies repulsions both species ei-
ther perform a breathing motion or the impurity density splits into two parts which interact and
disperse within the bosonic cloud. Turning to strong interactions we observe the formation of dark-
bright states within the mean-field approximation. However, the correlated dynamics shows that
the fermionic density splits into two repelling density peaks which either travel towards the edges
of the bosonic cloud where they equilibrate or they approach an almost steady state propagating
robustly within the bosonic gas which forms density dips at the same location. For these strong
interspecies interactions an energy transfer process from the impurities to their environment occurs
at the many-body level, while a periodic energy exchange from the bright states (impurities) to
the bosonic species is identified in the absence of correlations. Finally, inspecting the one-body
coherence function for strong interactions enables us to conclude on the spatial localization of the
quench-induced fermionic density humps.
I. INTRODUCTION
Ultracold atoms offer a fertile testbed to monitor the
nonequilibrium dynamics of quantum many-body (MB)
systems due to their extraordinary degree of control. Re-
cent experimental progress enables us, for instance, to
adjust the interparticle interaction strength via Feshbach
resonances [1, 2], and also realize multicomponent quan-
tum gases consisting either of different isotopes [3] or dif-
ferent hyperfine states [4, 5] of the same species. Multi-
component quantum systems characterized by high pop-
ulation imbalanced components [6–17] have been a fo-
cal point of studies examining in particular the dressing
of mobile impurities with the collective excitations of a
surrounding MB system forming quasiparticles often re-
ferred to as polarons. As a consequence of this dressing
mechanism a variety of the impurities properties, such
as their effective mass and induced interactions can be
strongly altered compared to the bare particle case. Be-
yond ultracold atoms applications include a multitude
of different systems such as semiconductors [18], high
temperature superconductors [19], doped Mott insulators
[20] and liquid Helium mixtures [21, 22].
The study of a mobile impurity immersed in an ul-
tracold quantum gas has already provided numerous in-
sights regarding Fermi [23–36] and more recently Bose
polarons [37–48]. The majority of the theoretical in-
vestigations have focused on the stationary properties
of these quasiparticle states and have been restricted
to the mean-field (MF) approximation [49–52] and to
the Fro¨hlich model [53–58]. Moreover, experimental evi-
dences on the existence and dynamics of Fermi [12, 13, 16]
and Bose [39, 40, 59–62] polarons have triggered a new
era of theoretical investigations in order to understand
their nonequilibrium dynamics evincing also the neces-
sity of taking into account higher-order correlations for
an adequate description of the observed dynamics. In-
deed, the impurities constitute a few-body system and
correlation effects are expected to be well-pronounced. In
this direction theoretical approaches that include corre-
lations have been recently applied both to the Fermi [63]
and mainly to the Bose polaron problem [64–73], thereby
enabling a first description of these quasiparticles also in
the intermediate and strong interaction regime.
Despite the above-mentioned increasing amount of the-
oretical and experimental efforts, the nonequilibrium dy-
namics of such impurity systems is still largely unex-
plored. Especially in the case where more than a sin-
gle impurity atom is involved and thus their interactions
come into play. The simplest setup in order to advance
our understanding of the emerging dynamics and reveal
the correlation effects consists of two fermions immersed
in a MB bosonic gas. In this case, the constituting par-
ticles obey different statistics [74, 75] and the impurities
are non-interacting allowing us to avoid the additional
complexity introduced by the intraspecies interactions.
For this scenario, it would be particularly interesting to
explore the dynamical response of the impurities for dis-
tinct interspecies interaction strengths and unveil the cor-
relation properties of the quench-induced states. These
might include the emergence of an orthogonality catas-
trophe for strong interactions [76], the formation of dark-
bright (DB) soliton complexes [77, 78] or phase separa-
tion phenomena [79, 80]. To this end, we study the inter-
species interaction quench dynamics of such a harmon-
ically trapped Bose-Fermi (BF) mixture, both within a
2MF and a MB treatment, from weak to strong repulsions.
To track the correlated quantum dynamics of the BF
mixture we employ the Multi-Layer Multi-Configuration
Time-Dependent Hartree Method for Atomic Mixtures
(ML-MCTDHX) [81], which is a non-perturbative varia-
tional method capturing all interparticle correlations.
Regarding the ground state properties of the system
we show that a phase separation process between the
two species occurs, both at the MF and the MB level, for
interspecies interaction strengths larger than the bosonic
intraspecies ones [82–85]. To induce the dynamics we ap-
ply an interspecies interaction quench from the weakly
to the strongly repulsive regime. Depending on the
postquench interspecies coupling we realize four differ-
ent dynamical regimes. For weak postquench interac-
tions both species remain miscible and perform a breath-
ing motion [85, 86]. Increasing the postquench interac-
tion strength the single-particle density of the impurities
splits into two effectively repelling density peaks that are
seen to disperse within the bosonic gas. This behav-
ior is more pronounced at the MB level. In the strong
interspecies interaction regime and focusing on the MF
approximation we observe the spontaneous generation of
two DB solitary waves, with the bright solitons emerging
in the fermionic species and the dark ones appearing in
the bosonic gas. These structures interact repelling and
approaching one another throughout evolution. In sharp
contrast, in the MB description these solitary waves soon
after their formation are pushed towards the edges of
the bosonic gas remaining there in the course of the
evolution, exhibiting also a gradually decaying ampli-
tude. Entering the very strong interspecies interaction
regime we again observe the formation of DB structures
in both approaches. In contrast to their MF evolution,
the DB solitary waves formed at the MB level tend, for
later evolution times, to approach an almost steady state.
Within the latter two strongly interacting regimes it is
found that an energy exchange process, from the impu-
rities to the bosonic bath, takes place in the presence
of correlations. Finally, monitoring the one-body coher-
ence function reveals the appearance of Mott-like correla-
tions [79, 80, 87, 88] between the emergent bright solitary
waves indicating their tendency for localization.
The present work is structured as follows. Section II
presents our setup and the different observables that are
used for the identification of the correlated character of
the observed dynamics. The nonequilibrium dynamics
induced by an interspecies interaction quench of the par-
ticle imbalanced BF mixture is discussed in Sec. III. We
summarize and provide an outlook in Section IV. Finally,
in Appendix A we provide further details of our numeri-
cal simulations and demonstrate their convergence exem-
plarily.
II. THEORETICAL FRAMEWORK
A. Setup
We consider a particle imbalanced BF mixture consist-
ing of NF = 2 spin polarized fermionic impurities and
NB = 100 bosons which constitute the majority species.
The mixture is further assumed to be mass balanced,
namely MA = MB ≡ M , while each species is trapped
in the same external harmonic oscillator potential of fre-
quency ωA = ωB = ω. Such an approximately mass
balanced mixture can be experimentally realized by con-
sidering e.g. a mixture of isotopes of 7Li and 6Li [89] or
171Yb and 172Yb [90, 91]. The resulting MB Hamiltonian
of the system reads
H =
∑
σ=F,B
Nσ∑
i=1
[
− ~
2
2M
(
d
dxσi
)2
+
1
2
Mω(xσi )
2
]
+gBB
∑
i<j
δ(xBi − xBj ) + gBF
NF∑
i=1
NB∑
j=1
δ(xFi − xBj ).
(1)
We operate within the ultracold regime and therefore
s-wave scattering is the dominant interaction process.
Consequently both the inter- and intraspecies interac-
tions are described by contact interactions whose effec-
tive one-dimensional coupling strength [92] is gσσ′ =
2~2as
σσ′
µa2
⊥
(
1− |ζ(1/2)| asσσ′/
√
2a⊥
)−1
. Here, σ, σ′ = B,F
for bosons or fermions respectively and µ = M2 is the
corresponding reduced mass. The transversal length
scale reads a⊥ =
√
~/µω⊥ with ω⊥ denoting the
transversal confinement frequency while asσσ′ is the three-
dimensional s-wave scattering length within (σ = σ′) or
between (σ 6= σ′) the two distinct species. Moreover, s-
wave scattering is forbidden for spin-polarized fermions
[74, 75], due to the antisymmetry of the fermionic wave-
function, and thus intraspecies interactions within the
fermionic species are neglected. We remark that gσσ′
can be experimentally tuned either via asσσ′ by means
of Feshbach resonances [1, 2] or by adjusting ω⊥ via
confinement-induced resonances [92].
The Hamiltonian of Eq. (1) is rescaled in units of ~ω⊥.
As a result the corresponding length, time, and interac-
tion strength are expressed in terms of
√
~
Mω⊥
, ω−1⊥ and√
~3ω⊥
M
respectively.
In the present work, we prepare our system in the
ground state of the Hamiltonian (1) within the weak
intra- and interspecies interaction regime, namely gBB =
0.5 and gBF = 0.1. Therefore the two species are misci-
ble, i.e. their one-body densities spatially overlap. Re-
call that in the absence of a trap species separation takes
place when g2BF > gBB, otherwise the two species over-
lap [82, 83, 93]. Another important remark here is that
for sufficiently strong trapping, a scenario not consid-
ered herein, the above condition needs to be modified
[93] namely gBF should become substantially larger than
3gBB in order to overcome the implicitly miscibility fa-
voring effect of the trap. To trigger the nonequilibrium
dynamics of the BF mixture we suddenly change at t = 0
the interspecies interaction strength towards the strongly
correlated regime, e.g. gBF = 1.5, which favors species
immiscibility and let the system evolve in time. Below,
we first briefly discuss the ground state properties of the
system [Sec. III A] and then analyze in detail the quench-
induced dynamics [Sec. III] of the two fermionic impuri-
ties immersed in the bosonic gas.
B. Wavefunction ansatz
To calculate the stationary properties of the BF mix-
ture and most importantly the quench-induced nonequi-
librium dynamics we solve the corresponding MB
Schro¨dinger equation utilizing ML-MCTDHX [81]. This
method is based on expanding the MB wavefunction with
respect to a time-dependent and variationally optimized
basis which allows us to take into account both the inter-
and the intraspecies correlations of the BF mixture. Ac-
cordingly, in order to incorporate interspecies correla-
tions we expand the MB wavefunction in terms of D dif-
ferent species functions, Ψσk (~x
σ; t), for each component.
In this notation the spatial σ = B,F -species coordinates
are ~xσ =
(
xσ1 , . . . , x
σ
Nσ
)
and the number of the σ-species
atoms is Nσ. As a result, the MB wavefunction ΨMB
acquires the form of a truncated Schmidt decomposition
[94] of rank D
ΨMB(~x
F , ~xB; t) =
D∑
k=1
√
λk(t) Ψ
F
k (~x
F ; t)ΨBk (~x
B ; t). (2)
In the following, we shall also refer to the Schmidt co-
efficients λk(t) as the natural species populations of the
k-th species function. Moreover, the system is assumed
to be entangled [95] or interspecies correlated if at least
two distinct λk(t) are nonzero since in this latter case
ΨMB is not a direct product of two states.
Furthermore in order to include intraspecies correla-
tions into our MB ansatz we expand each of the species
functions Ψσk(~x
σ; t) in terms of the determinants and
permanents of dσ distinct time-dependent fermionic and
bosonic single-particle functions (SPFs) ϕ1, . . . , ϕdσ re-
spectively. Consequently, Ψσk(~x
σ ; t) is expressed as fol-
lows
Ψσk(~x
σ; t) =
∑
l1,...,lmσ∑
li=N
ck,(l1,...,ldσ )(t)
Nσ!∑
i=1
sign(Pi)ζ×
Pi

 l1∏
j=1
ϕ1(xj ; t) · · ·
ldσ∏
j=1
ϕdσ(xK(dσ)+j ; t)

 .
(3)
The index ζ = 0, 1 stands for the case of bosons and
fermions respectively. sign(Pi) refers to the sign of the
corresponding permutation with P denoting the permu-
tation operator which exchanges the particle positions
xσν , ν = 1, . . . , Nσ within the SPFs. The symbol K(r) ≡∑r−1
ν=1 lν , where lν is the occupation of the νth SPF and
r ∈ {1, 2, . . . , dσ}. Also, Ck,(l1,...,ldσ )(t) are the time-
dependent expansion coefficients of a certain determinant
for fermions or permanent for bosons. Moreover, the
eigenfunctions of the σ-species one-body reduced density
matrix ρ
(1)
σ (x, x′; t) = 〈ΨMB(t)|Ψˆσ,†(x)Ψˆσ(x′)|ΨMB(t)〉
are the so-called natural orbitals φσi (x; t). Here Ψˆ
F (x)
and ΨˆB(x) refer to the fermionic and bosonic field oper-
ators respectively. It is worth mentioning at this point
that the natural orbitals are related with the SPFs via
a unitary transformation that diagonalizes ρ
(1)
σ (x, x′; t)
when it is expressed in the basis of SPFs, for more details
see also [81, 96]. The resulting eigenvalues of ρ
(1)
σ (x, x′; t)
are termed natural populations nσi (t). In the following
we will refer to the bosonic or fermionic subsystem as in-
traspecies correlated if more than one (for bosons) or NF
(for fermions) eigenvalues are macroscopically occupied.
Otherwise the corresponding subsystem will be termed
fully coherent or Hartree-Fock correlated respectively.
To obtain the ML-MCTDHX equations of motion [81]
we follow e.g. the Dirac-Frenkel variational principle
[97, 98] for the MB ansatz given by Eqs. (2), (3)]. This
procedure results in D2 linear differential equations of
motion for the coefficients λi(t) being coupled to a set
of D[
(
NB+dB−1
dB−1
)
+
(
dF
NF
)
] non-linear integro-differential
equations for the species functions and dF + dB integro-
differential equations for the SPFs. Another important
feature of ML-MCTDHX is that it enables us to operate
within different approximation orders. For instance, we
can retrieve the corresponding MF equation [74, 75] of
the BF mixture in the limit of D = dB = 1 and dF = NF
ΨMF (~x
B , ~xF ; t) =
1√
NF !
NB∏
j=1
ϕ1(x
B
j ; t)×
NF !∑
i=1
sign(Pi)Pi
[
ϕ1(x
F
1 ; t) · · ·ϕNF (xFNF ; t)
]
.
(4)
Within this approximation only the trivial Hartree-Fock
intraspecies correlations are taken into account stemming
from the existence of NF distinct SPFs. A next interest-
ing reduction of the method is the so-called species mean-
field (SMF) approximation [65, 87]. Here, the entangle-
ment between the species is ignored but the correlations
within each of the species are included. Then, the total
wavefunction of the system acquires the following tensor
product form
|Ψ(t)〉SMF = |ΨB1 (t)〉 ⊗ |ΨF1 (t)〉. (5)
Indeed, the system’s wavefunction is described by only
one species wavefunction, i.e. |ΨBk (t)〉 = |ΨFk (t)〉 = 0 for
k 6= 1 which is expanded in terms of the time-dependent
basis of Eq. (3) consisting of different time-dependent
variationally optimized SPFs.
4C. Correlation measures
To investigate the role of intraspecies correlations, at
the one-body level, during the interaction quench dynam-
ics of the BF mixture we utilize the spatial first order
coherence function [79, 99, 100]
g(1)σ (x, x
′; t) =
ρ
(1)
σ (x, x′; t)√
ρ
(1)
σ (x; t)ρ
(1)
σ (x′; t)
. (6)
In this expression, ρ
(1)
σ (x, x′; t) =
〈Ψ(t)|Ψˆσ,†(x)Ψˆσ(x′)|Ψ(t)〉 is the σ species one-body re-
duced density matrix while ρ
(1)
σ (x; t) ≡ ρ(1)σ (x, x′ = x; t)
denotes the corresponding one-body density. Also,
ΨˆB(x) and ΨˆF (x) refer to the corresponding bosonic
and fermionic field operators at position x satisfying the
standard commutation and anti-commutation relations
respectively [74]. Most importantly, the one-body
coherence function |g(1)σ (x, x′; t)| takes values in the
interval [0, 1] and provides a degree of the deviation
of the MB state from a product state for the set of
coordinates x, x′. Indeed, two distinct spatial regions
denoted e.g. by R and R′, where R ∩R′ = ∅, exhibiting
|g(1)σ (x, x′; t)| = 1, when x ∈ R and x′ ∈ R′, are termed
fully coherent. In this case, the absence of one-body
correlations in these regions can be inferred. However,
when |g(1)σ (x, x′; t)| < 1 for x ∈ R and x′ ∈ R′ the
regions are referred to as partially incoherent. Here,
the aforementioned inequality signifies the emergence of
one-body intraspecies correlations. Another interesting
situation is when full coherence occurs within a spatial
region R, i.e. when |g(1),σ(x, x′; t)|2 ≈ 1 x, x′ ∈ R, while
perfect incoherence takes place between different spatial
regions R, R′, when |g(1),σ(x, x′; t)|2 ≈ 0 with x ∈ R,
x′ ∈ R′ and R ∩ R′ = ∅. This latter case suggests the
emergence of Mott-like correlations [79, 87, 88] into the
system and often indicates the spatial localization of
the underlying structures building upon the respective
one-body density [79, 80, 87].
To monitor the effective interactions between the non-
interacting fermionic impurities in the course of the evo-
lution we employ their relative distance [63]
D(t) =
∫
dx1dx2|x1 − x2|ρ(2)FF (x1, x2; t)
〈ΨMB(t)|NˆF
(
NˆF − 1
)
|ΨMB(t)〉
, (7)
Here, ρ
(2)
FF (x1, x2; t) = 〈ΨMB(t)|ΨF†(x1)ΨF†(x2)ΨF (x1)
ΨF (x2) |ΨMB(t)〉 is the diagonal two-body intraspecies
reduced density matrix. This quantity provides the prob-
ability of finding the two fermions at the positions x1
and x2 at time t [79, 80]. Also, NˆF is the number op-
erator that measures the number of fermions. Most im-
portantly, D(t) can be directly probed experimentally
by performing in-situ spin-resolved single-shot measure-
ments on the fermionic state [101]. In particular, each im-
age provides an estimate of D(t) between the fermionic
impurities given that their position uncertainty is rela-
tively small [101]. Then, D(t) is obtained by averaging
over several such images.
To quantify the degree of both intra- and inter-
species correlations during the nonequilibrium dynam-
ics we calculate the fragmentation of the σ-species and
the entanglement between the species of the BF mix-
ture [80, 102, 103]. This investigation allows us to in-
fer about the proximity of the MB state [Eq. (2)] to
a MF one [see Eq. (4)]. The presence of interspecies
correlations or entanglement is designated by the val-
ues of the higher than the first Schmidt coefficients, i.e.
λk(t) with k > 1. Recall that λk(t) are the eigenvalues
of the species reduced density matrix ρNσ (~xσ, ~x′σ; t) =∫
dNσ′xσ
′
Ψ∗MB(~x
σ, ~xσ
′
; t)ΨMB(~x
′σ , ~xσ
′
; t), with ~xσ =
(xσ1 , · · · , xσNσ−1), and σ 6= σ′ [see also Eq. (2)]. Ac-
cordingly, the system is termed species entangled or
interspecies correlated when more than a single eigen-
values of ρNσ are macroscopically populated, otherwise
it is non-entangled [see also the discussion around Eq.
2)]. A commonly used measure to identify the degree of
species entanglement constitutes the Von-Neumann en-
tropy [48, 80, 103]
SV N (t) = −
D∑
k=1
λk(t) ln[λk(t)]. (8)
Note here that within the MF limit SV N (t) = 0 holds
since λ1(t) = 1, while for a MB state where more than
one λk contribute SV N (t) 6= 0.
To unveil the fragmented or intraspecies correlated na-
ture of each species we resort to the eigenvalues, nσi (t) =∫
dx |φσi (x; t)|2, of the σ-species one-body reduced den-
sity matrix, ρ
(1)
σ (x, x′; t) [81, 100]. Note that φσi (x, t) are
the so-called natural orbitals. It can be shown that when
ΨMB(~x
F , ~xB; t) → ΨMF (~xF , ~xB ; t), see also Eq. (2) and
Eq. (4), the fermionic and bosonic natural populations
obey
∑NF
i=1 n
F
i (t) = 1, n
F
i>NF
(t) = 0 and nB1 (t) = 1,
nBi>1(t) = 0 respectively. As a result, when more than
NF (one) fermionic (bosonic) natural orbitals are signifi-
cantly populated the system is referred to as fragmented
and the corresponding degree of fragmentation can be
quantified as follows
FF (t) = 1−
NF∑
i=1
nFi (t) and FB(t) = 1− nB1 (t). (9)
These constitute theoretical tools for the identification of
the occupation of the dF −NF and dB > 1 least occupied
fermionic and bosonic natural orbitals respectively, and
thus of the deviation of the MB state from the MF one
when FF (t) > 0 and FB(t) > 0.
III. QUENCH INDUCED DYNAMICS
In the following we investigate the interspecies interac-
tion quench dynamics of the particle imbalanced BF mix-
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FIG. 1. One-body density ρ
(1)
σ (x) of the ground state of the
σ-species of the BF mixture for varying interspecies repulsions
gBF (see legend) within (a), (b), (c) the MF approximation
and (d), (e), (f) the MB approach. The BF mixture consists
of NB = 100 bosons and NF = 2 fermions with gBB = 0.5 and
it is trapped in a harmonic oscillator potential with ω = 0.1.
ture. The emergent nonequilibrium dynamics is explored
both in the MF approximation [see Eq. (4)] and in the
MB approach [see Eq. (2) and Eq. (3)]. Throughout this
work we consider a BF mixture consisting of NB = 100
bosons and NF = 2 spin polarized fermionic impurities.
In particular, the system is initialized in its weakly in-
teracting ground state characterized by gBB = 0.5 and
gBF = 0.1, unless it is stated otherwise. To induce the
dynamics we perform an interspecies interaction quench
from gBF = 0.1 to a strongly interacting state such that
gBF > gBB and thus a phase separation process between
the two components is favored (see also the discussion
below).
A. Ground state of the BF mixture
Before delving into the nonequilibrium dynamics of
the BF mixture it is instructive to briefly analyze its
ground state properties for fixed intraspecies interac-
tions, gBB = 0.5, and varying interspecies interactions
gBF . The mixture is confined in a harmonic oscillator
potential of frequency ω = 0.1 and it is prepared in its
corresponding repulsively interacting ground state as de-
scribed by the Hamiltonian of Eq. (1). To obtain the
ground state of Eq. (1) we use either imaginary time
propagation or improved relaxation [81, 96] within ML-
MCTDHX.
To explore the ground state properties of the BF
mixture we employ the σ-species single-particle density
ρ
(1)
σ (x) [see also Eq. (6)]. Figure 1 presents ρ
(1)
σ (x)
within the MF approximation [Figs. 1 (a)-(c)] and on
the MB level [see Figs. 1 (d)-(g)] for different inter-
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one-body density, ρ
(1)
σ (x, t), of the BF mixture following an
interspecies interaction quench within (a)-(d) the MF approx-
imation and (e)-(h) the MB approach. The postquench inter-
species interaction strengths correspond to (a), (c), (e), (g)
gBF = 0.3 and (b), (d), (f), (h) gBF = 0.8. Dashed rectan-
gles in (d), (h) mark the presence of several local minima in
ρ
(1)
F (x, t), while the dashed ellipse in (h) indicates the split-
ting of ρ
(1)
F (x, t) for x < 0. The system consists of NB = 100
bosons and NF = 2 fermions trapped in a harmonic oscillator
potential and it is initialized in its ground state for gBB = 0.5
and gBF = 0.1.
species interaction strengths and fixed gBB = 0.5. In
all cases ρ
(1)
B (x) possesses the form of a Thomas-Fermi
profile and it is almost insensitive to the value of gBF .
In particular, for an increasing interspecies repulsion the
Thomas-Fermi profile becomes slightly more compressed
and accordingly its maximum at x = 0 acquires a larger
value [hardly discernible in Fig. 1]. Note also that due
to the particle imbalance the bosons, being the majority
species, exhibit a broader single-particle density distribu-
tion when compared to the fermions. Thus, ρ
(1)
F (x) shows
a much smaller amplitude than ρ
(1)
B (x) and its shape de-
pends crucially on gBF [82–85]. More specifically, within
the weakly interspecies interaction regime, gBF = 0.1,
ρ
(1)
F (x) resides well inside the edges of ρ
(1)
B (x) and there-
fore the two species are miscible since their spatial over-
lap is finite [Figs. 1(a), (d)]. For increasing interspecies
repulsion, e.g. gBF = 1.5, ρ
(1)
F (x) splits into two den-
sity branches each one located either at the right or the
left edge of ρ
(1)
B (x) respectively [Figs. 1(b), (e)]. This be-
havior indicates the immiscible character of the mixture
for strong gBF , i.e. the spatial overlap between ρ
(1)
B (x)
and ρ
(1)
F (x) is almost zero, a character that remains as
such for even stronger gBF [see Figs. 1(c), (f)]. Also, by
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FIG. 3. One-body density profiles, ρ
(1)
σ (x, t), of the σ = B,F
species of the BF mixture at different time instants follow-
ing an interspecies interaction quench from gBF = 0.1 to
gBF = 0.8 (see legends). (a)-(c) [(d)-(f)] present ρ
(1)
B (x, t)
[ρ
(1)
F (x, t)] within the MF approximation. (g)-(i) [(j)-(l)] show
ρ
(1)
B (x, t) [ρ
(1)
F (x, t)] determined in the MB approach. The
dashed ellipse in (f) and the dashed rectangles in (k), (l) in-
dicate the presence of local minima in ρ
(1)
F (x, t) for x < 0
determined at the MF and the MB level respectively. The
remaining system parameters are the same as in Fig. 2.
carefully inspecting ρ
(1)
F (x) for these strong interactions
we can deduce that for an increasing gBF the density
peaks of ρ
(1)
F (x) become slightly more localized and their
relative distance slightly decreases [hardly discernible in
Figs. 1(b) and (c)]. Another important observation here
is that both ρ
(1)
B (x) and ρ
(1)
F (x) are essentially the same
within the MF approximation and the MB approach. In-
deed the inclusion of correlations causes only small devi-
ations in the corresponding ground state density profiles.
For instance, a shallow local minimum appears in ρ
(1)
B (x)
around x = 0 within the MB approach which is absent
at the MF level, e.g. compare Figs. 1(b) and (e). The
existence of such a local minimum in ρ
(1)
B (x) suggests a
minor involvement of higher-excited states of the har-
monic oscillator for the correct characterization of the
ground state.
B. Single-particle density evolution
Having analyzed the ground state properties of the BF
mixture for increasing interspecies interactions, we next
investigate its nonequilibrium dynamics following a sud-
den change of gBF from gBF = 0.1 towards stronger re-
pulsive interspecies interactions. Figures 2 and 4 show
ρ
(1)
σ (x; t) of the bosonic and fermionic species both within
the MF and the MB level for different characteristic
postquench interspecies interaction strengths. As it can
be seen, the dynamics of the mixture on the single-
particle level can be categorized into four distinct inter-
action regions. Most importantly, the structures building
upon ρ
(1)
σ (x; t) differ considerably between the MF and
the MB approach, especially when gBF > gBB. In par-
ticular, for a quench within the weak interspecies inter-
action regime such that gBF < gBB, e.g. gBF = 0.3,
both ρ
(1)
B (x; t) and ρ
(1)
F (x; t) exhibit a breathing mo-
tion [see Figs. 2(a), (c)] characterized by a frequency
ωBbr ≈ 0.21 ≡ 2ω and ωFbr ≈ 0.16 respectively [85, 86].
Note that the total external potential of the fermionic
impurities is, to a very good approximation, the effective
potential created by the harmonic oscillator and the den-
sity of bosons [76, 104], i.e. Veff =
1
2mω
2x2+gBF ρ
(1)
B (x),
with ρ
(1)
B (x) being the bosonic single-particle density at
t = 0. Hence, assuming the Thomas-Fermi approxi-
mation for ρ
(1)
B we obtain the following effective trap-
ping frequency of the impurities ωeff = ω
√
1− gBF
gBB
and therefore their corresponding effective breathing fre-
quency would be ωeff,Fbr = 2ωeff = 0.16 which is indeed
in a very good agreement with the numerically obtained
ωFbr. We remark that this effective potential approxima-
tion is adequate only for small interspecies interactions
where the entanglement between the species is weak [see
Sec. III F] and the impurities do not probe the edges
of the bosonic cloud, see also [65, 76] for more details.
Moreover, ρ
(1)
F (x; t) resides within ρ
(1)
B (x; t) throughout
the evolution indicating the miscible character of the dy-
namics. This behavior of ρ
(1)
σ (x; t) occurs both at the
MF [Figs. 2(a), (c)] and at the MB level [Figs. 2(e), (g)]
since the degree of intra- and interspecies correlations is
negligible here [see also Sec. III F].
Increasing the postquench interaction strength gBF to
a value larger than gBB but still below gBF = 1 the impu-
rities undergo a much more involved dynamics compared
to the weakly interacting case, while the majority species
performs a breathing motion [Figs. 2(b), (f)] again with
ωBbr ≈ 0.21. Focusing on the MF approximation we ob-
serve that directly after the quench ρ
(1)
F (x; t) splits into
two density branches [Figs. 3(d), (e)] that acquire finite
momenta and travel towards the edges of the bosonic
cloud [Figs. 2(b), (d) and Figs. 3(a), (b)]. Note that the
appearance of these density branches is caused by the in-
teraction quench which imports energy into the system.
Reaching the edges of ρ
(1)
B (x; t) these density humps of
ρ
(1)
F (x; t) are reflected back towards the trap center. Sub-
sequently, around t ≈ 70, they collide at x = 0 and then
show a dispersive behavior. In particular, directly after
the collision ρ
(1)
F (x; t) splits into several localized den-
sity humps, reflecting in this way its spatial delocaliza-
tion, that are seen to propagate predominantly within
ρ
(1)
B (x; t) during evolution, see Fig. 2(d). This disper-
sive character of ρ
(1)
F (x; t) is clearly captured and shown
in the corresponding profile snapshots, see for instance
the dashed ellipse in Fig. 3(f) and the relevant dashed
rectangle in Fig. 2(d). In turn these localized humps
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FIG. 4. Spatiotemporal evolution of the σ = B,F -species
one-body density, ρ
(1)
σ (x, t), of the BF mixture upon consider-
ing an interspecies interaction quench within (a)-(d) the MF
approximation and (e)-(h) the MB approach (see legends).
The postquench interspecies interaction strength corresponds
to (a), (c), (e), (g) gBF = 1.5 and (b), (d), (f), (h) gBF = 3.
The insets in (a), (b) show the corresponding phases dur-
ing the dynamics. The system consists of NB = 100 bosons
and NF = 2 fermions trapped in a harmonic oscillator poten-
tial and it is initialized in its ground state characterized by
gBB = 0.5 and gBF = 0.1.
indicate that ρ
(1)
F (x; t) is in a superposition of several
lower-lying excited states of the external potential into
which the impurities are trapped. It is also important to
note here that since the impurities probe the edges of the
Thomas-Fermi radius of ρ
(1)
B (x; t), the effective potential
picture previously introduced is not sufficient to describe
the observed dynamics. The same overall phenomenol-
ogy is also observed at the MB level. However, important
differences between the two approaches can be noticed
especially in the time-evolution of ρ
(1)
F (x; t). The most
important feature here is that each of the two initially
formed density branches [Fig. 3(j)] split into several den-
sity peaks [Figs. 3(k), (l)] of significantly lower intensity.
This further splitting, that is in contrast to the MF out-
come, occurs when each of the fermionic density humps
approaches the edges of the BEC medium and persists
even upon their return towards the trap center [see here
the dashed ellipse in Fig. 2(h) and also the dashed rectan-
gle in Fig. 3(k)]. This behavior, that is absent within the
MF approximation, is attributed to correlations present
in the interaction of the impurities with the bosonic bath.
Moreover, the dispersive character of ρ
(1)
F (x; t) is more
pronounced at the MB level with the number of local-
ized density humps being larger as compared to the MF
description of the dynamics [compare e.g. Figs. 3(f) and
(l)]. The latter observation indicates that the impuri-
ties are in a superposition of energetically higher excited
states as compared to the MF scenario. Note also that
ρ
(1)
F (x, t) shown e.g. in Fig. 2(h) results from the corre-
lated MB approach and a corresponding interpretation in
terms of Veff in this case provides only a crude picture of
the impurity dynamics since Veff does not contain any
information about correlations.
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FIG. 5. Snapshots of the σ = B,F species (see legend) one-
body density, ρ
(1)
σ (x, t), of the BF mixture at selected time
instants (see legends) after an interspecies interaction quench
from gBF = 0.1 to gBF = 1.5. (a)-(c) [(d)-(f)] show ρ
(1)
B (x, t)
[ρ
(1)
F (x, t)] within the MF approximation. (g)-(i) [(j)-(l)] illus-
trate ρ
(1)
B (x, t) [ρ
(1)
F (x, t)] within the MB approach. The verti-
cal double arrows indicate the corresponding DB pairs while
the horizontal arrows show the relative distance between the
fermions. The remaining system parameters are the same as
in Fig. 4.
Turning to even stronger postquench interaction
strengths, e.g. gBF = 1.5, the dynamical behavior of
both the fermionic and the bosonic species changes dras-
tically compared to the above discussed cases. Most im-
portantly, the dynamics is severely different between the
MF the MB approach as can be deduced by comparing
Figs. 4(a), (c) to Figs. 4(e), (g) respectively. Inspecting
ρ
(1)
B (x; t) [Fig. 4(a)] and ρ
(1)
F (x; t) [Fig. 4(c)] within the
MF approximation we observe the spontaneous genera-
tion of two localized density peaks in ρ
(1)
F (x; t) robustly
propagating within the BEC medium repelling and at-
tracting one another, thus performing an oscillatory mo-
tion. These density humps are accompanied by the si-
multaneous formation of two density dips in ρ
(1)
B (x; t) lo-
cated at the same spatial regions and filled by the density
peaks of the fermionic species. Such a filling mechanism
resembles the formation of DB solitons in defocusing me-
dia which in our case oscillate within the parabolic trap
with a period TDB ≈ 69 [see Fig. 4(c)]. To provide evi-
8dence that indeed the structures building upon ρ
(1)
B (x; t)
possess a dark soliton character the spatio-temporal evo-
lution of the relevant phase is illustrated in the inset of
Fig. 4(a). Evidently, the entities formed exhibit a phase
jump being multiple of π. To further support our above-
mentioned arguments regarding the DB character of the
quench generated structures we present in Figs. 5(a)-(c)
and (d)-(f) profile snapshots of the single-particle densi-
ties ρ
(1)
B (x; t) and ρ
(1)
F (x; t) respectively at t = 37, t = 70
and t = 102 for a quench to gBF = 1.5. To iden-
tify the occurrence of DB states we employ the exact
in the so-called integrable limit single DB soliton solu-
tion [105–108]. In this case the corresponding wavefunc-
tion ansatz for a dark and a bright soliton state reads
ΨlB(x, t) = A (tanh [D (x− x0(t))] + iQ) and ΨlF (x, t) =
B sech [D (x− x0(t))] eikx+iθ(t)+i(µB−µA)t. Here, A and
B denote the amplitude of the dark and the bright soli-
ton respectively and D is their common inverse width.
Moreover, Q is the dark soliton’s velocity, x0(t) is the
soliton’s center, k = DQ/A is the constant wavenum-
ber of the bright soliton, θ(t) its phase and l indexes the
number of the DB pair. Additionally, µA and µB are the
corresponding chemical potentials. Since in our case two
DB soliton pairs are spontaneously generated, we further
assume that the wavefunction ansatz that describes such
a two DB state is approximately given by ΨB(x, t) =
Ψ1B(x, t)Ψ
2
B(x, t) for the dark solitons developed in the
bosonic component and ΨF (x, t) = Ψ
1
F (x, t) + Ψ
2
F (x, t)
for the bright states formed in the fermionic one. We
use these expressions, and in particular |ΨB(x, t)|2 and
|ΨF (x, t)|2, for the fits in the density profiles shown with
dashed lines in Figs. 5(a)-(f). Evidently, a remarkably
good agreement between the MF numerical simulations
and the fitted profiles occurs [see also Table I], thus ver-
ifying that indeed the quench-induced structures possess
a DB solitary wave character.
Having identified the formation of DB states at the MF
level next let us inspect how the nonequilibrium dynam-
ics is altered in the presence of correlations. As it can be
seen both ρ
(1)
B (x; t) [Figs. 4(e)] and ρ
(1)
F (x; t) [Figs. 4(g)]
are significantly different compared to their MF counter-
parts. In particular, after the quench ρ
(1)
F (x; t) breaks
into two distinct localized density peaks which travel to-
wards the edges of ρ
(1)
B (x; t). Within this time interval,
0 < t < 40, the density peaks of ρ
(1)
F (x; t) are accom-
panied by density dips in ρ
(1)
B (x; t) resembling this way
DB states. This situation is more evident in the cor-
responding profile snapshots of the densities [Figs. 5(g),
(h), (j), (k)] where the density dips building upon the
bosonic bath are filled by the density peaks formed in the
fermionic species. However, when these localized pairs
reach the edges of ρ
(1)
B (x; t), instead of returning towards
the trap center, they remain at the edges of the cloud
while oscillating locally. As can be deduced by focusing
our attention to the fermionic species [Fig. 4(g)] the ob-
served oscillations are rather irregular and result in local-
Two DB soliton pair characteristics
t = 37 t = 102
D
a
rk
A 1.341 1.320
D 0.669 0.749
Q 0.160 0.122
x0 13.390 13.580
R 20.790 21.060
B
ri
g
h
t B 0.878 0.909
D 0.669 0.749
x0 13.450 13.570
TABLE I. Two DB soliton pair characteristics referring to
different time instants of the dynamics of both species shown
in Figs. 4 (c) and Figs. 5 (a), (d), (c) and (f). The parameters
A and B refer to the amplitude of the dark and bright solitons
respectively generated in the σ = B and σ = F species. Note
also that in all cases the accuracy of the fitting is 0.95.
ized states whose amplitude is almost half the initial one
[see also Fig. 5(l)]. Notice also that the initially formed
density dips in ρ
(1)
B (x; t) are hardly visible for evolution
times t > 100, a result that is clearly seen in the profile
snapshot presented in Fig. 5(i). The above observations
suggest that the DB character of the states formed is sig-
nificantly altered by the presence of correlations. This
alteration is captured by the decaying amplitude of the
dark states formed in the BEC.
Quenching the interspecies interactions to very strong
values, e.g. gBF = 3, we observe a significant alteration
of the evolution of the BF mixture single-particle densi-
ties, compared to the gAB = 1.5 case, especially at the
MB level [Figs. 4 (f), (h)]. Evidently, within the MF
approximation the formation of DB states can again be
inferred. Notice, for instance, that the dark states are
characterized by a phase jump being a multiple of π [see
the inset of Fig. 4 (b)]. However, for these strong inter-
actions the period of the DB oscillation (TDB ≈ 74) as
well as the amplitude of the bright states become larger
as compared to the gBF = 1.5 quench scenario, see Figs.
4 (c) and (d). Regarding the amplitude of the emer-
gent bright states it is already evident from the ground
state of the BF mixture that the two density branches
appearing in ρ
(1)
F (x) for gBF > gBB become more local-
ized and acquire a slightly larger amplitude for increasing
gBF [Figs. 1 (b), (c)]. Also, for a DB soliton it is known
[105, 108] that its oscillation period is inversely propor-
tional to the chemical potential of the dark component or
equivalently the Thomas-Fermi radius of the BEC back-
ground that hosts the dark states. Inspecting again the
ground state of ρ
(1)
B (x) for larger gBF we can deduce that
the corresponding Thomas-Fermi radius becomes smaller
for a larger gBF [compare Figs. 1 (a)-(c)], a behavior that
explains the observed increased oscillation period of the
DB soliton. In contrast, at the MB level we observe that
after the quench ρ
(1)
F (x, t) splits into two branches which
repel each other at the very early stages of the dynamics
(0 < t < 5) and then for later evolution times oscillate
9with a very small amplitude around a mean value and
tend to an almost steady state (see also the discussion in
Secs. III D and III E). On the other hand, the majority
species forms density dips at the spatial regions where
the density peaks of the impurities are located. There-
fore, the quench generated entities resemble a two DB
solitary wave state which in contrast to its MF counter-
part tends to approach a stationary state [105, 106].
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C. Degree of miscibility
To appreciate the degree of miscibility or immiscibility
between the species of the BF mixture, at the one-body
level we resort to the overlap integral function Λ(t) [79,
109] which is defined as
Λ(t) =
[∫
dx ρ
(1)
A (x; t)ρ
(1)
B (x; t)
]2
[∫
dx (ρ
(1)
A (x; t))
2
] [∫
dx (ρ
(1)
B (x; t))
2
] . (10)
In particular, Λ = 0 and Λ = 1 designate zero and com-
plete spatial overlap of the two species respectively. Fig-
ures 6 (a), (b) illustrate Λ(t) for different postquench
interspecies interaction strengths at the MF and the MB
level respectively. For weak values of gBF , such that
gBF < gBB, the overlap integral oscillates in time (re-
flecting this way the breathing motion e.g. of the bosonic
cloud) around the value 0.6 demonstrating a tendency
towards miscibility both at the MF and the MB level.
This behavior of Λ(t) changes for quenches that satisfy
gBF > gBB. Regarding the evolution within the MF ap-
proximation, independently of gBF > gBB, Λ(t) shows
a decreasing behavior at the very early stages of the
dynamics and subsequently performs oscillations [resem-
bling this way the overall motion of the DB state, see
Figs. 4 (a), (c)] around a mean value which is smaller
for a larger postquench gBF , e.g. it is 0.22 for gBF = 1.5
and 0.18 for gBF = 3. Accordingly, also the amplitude
of the oscillations of Λ(t) becomes smaller for increasing
gBF indicating an overall tendency for a larger degree of
phase separation for stronger postquench interactions. It
is also worth noticing at this point that Λ(t) 6= 0 even
for gBF = 3, thus evincing that complete phase separa-
tion can not be achieved at the MF level. However, at
the MB level Λ(t) shows a completely different behavior
and its magnitude is always smaller than its MF coun-
terpart, in particular compare Figs. 6 (a) and (b) for
a fixed gBF > gBB. Indeed, entering the strong inter-
species interaction regime, gBF > 1.5, we observe that
Λ(t) exhibits a fast decrease and then for later evolution
times approaches zero thus testifying a complete phase
separation between the two species.
D. Relative distance between the impurities
To estimate the nature of the interactions induced
by the presence of the bosons between the two non-
interacting fermionic impurities we determine their rel-
ative distance, D(t), during the dynamics [see also Eq.
(7)]. Recall, that this quantity can be probed experimen-
tally via in-situ spin-resolved single-shot measurements
performed on the state of the impurities [101]. The time-
evolution of D(t) is shown in Figs. 7 (a), (b) for different
gBF within the MF and the MB approach respectively.
For very weak interactions, e.g. gBF = 0.3, and in both
approaches D(t) takes small values since the impurities
are very close in this case and undergoes small amplitude
oscillations in time reflecting this way the breathing mo-
tion of the impurities. Focusing on the MF approxima-
tion we observe that for every gBF ≫ gBB the relative
distance exhibits an increasing tendency at the initial
stages of the dynamics while for later times oscillates with
a decreasing amplitude for larger gBF . The initially in-
creasing tendency ofD(t) essentially demonstrates the re-
pulsive tendency of the impurity density branches already
evident in ρ
(1)
F (x, t) [e.g. see Fig. 4 (c)], which is a con-
sequence of the effective potential created by ρ
(1)
B . The
subsequent fluctuating behavior of D(t) reflects the os-
cillatory motion of the previously discussed bright states.
However at the MB level the behavior of D(t) changes
drastically. In particular for a quench to gBF ≫ gBB,
D(t) initially increases reflecting the presence of repul-
sive induced interactions captured by ρ
(1)
F (x, t) [see also
Fig. 4 (g)] while small amplitude oscillations occur dur-
ing evolution, with an overall increasing tendency. For
very strong postquench interaction strengths, e.g. for
gBF = 3, the amplitude of these oscillations diminishes
and D(t) acquires an almost constant value [see also Fig.
4 (h)] suggesting that the impurities tend to approach a
10
stationary state.
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FIG. 7. Time-evolution of the relative distance, D(t), between
the two fermionic impurities following an interspecies interac-
tion quench of the BF mixture. (a), (b) shows D(t) for fixed
gBB = 0.5 and varying gBF = 0.3, 1.5, 2, 3 calculated within
(a) the MF and (b) the MB approach. (c), (d) illustrates
D(t) for gBB = 0.5 and for (c) gBF = 1.5 and (d) gBF = 3.0
within different levels of approximation (see legend). (e), (f)
presents D(t) for gBF = 1.5 and varying gBB = 0.2, 0.5, 1.0
(see legend) at (e) the MF and (f) the MB level. The other
system parameters are the same as in Fig. 2.
To expose the significance of the inclusion of differ-
ent levels of correlations in the dynamical behavior of
the relative distance we next measure D(t) between the
fermionic impurities by systematically taking into ac-
count different orders of correlations. In particular, we
determine D(t) within the MF approximation where all
correlations are neglected [see Eq. (4)], the SMF approx-
imation where only intraspecies correlations are included
[see Eq. (5)] and in the MB approach where all cor-
relations are incorporated [see Eq. (2)]. Figures 7 (c),
(d) present D(t) within the above-mentioned approaches
for gBF = 1.5 and gBF = 3 respectively. As it can be
seen, for gBF = 1.5 all approaches capture the initial
(0 < t < 35) increase of D(t) but for later times signifi-
cant deviations occur. Indeed, at the MF level D(t) un-
dergoes large amplitude oscillations in time, while at the
SMF and MB level D(t) shows an overall increasing ten-
dency performing also small amplitude oscillations. Im-
portantly here the SMF approximately captures the over-
all behavior ofD(t) but overestimates its values. Turning
to stronger interactions, gBF = 3 we observe that both
the MF and the SMF fail to capture the MB dynamics
of D(t) [Fig. 7 (d)]. Concluding we can clearly infer that
both intra- and interspecies correlations are important
for the adequate description of D(t). The latter in turn
disctates a much stronger repulsion between the impuri-
ties for intermediate gBF values when compared to a MF
description of the out-of-equilibrium dynamics.
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FIG. 8. Expectation value of the energy of the bosons EB(t),
the fermions EF (t) and their mutual interaction EBF (t) (see
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(e), (f) gBF = 3. The calculations are performed within (a),
(c), (e) the MF approximation and (b), (d), (f) the MB ap-
proach. The other system parameters are the same as in Fig.
2.
The behavior of D(t) for different intraspecies interac-
tion strengths, gBB, of the bosonic medium but for fixed
gBF = 1.5 is illustrated in Figs. 7 (e), (f) within the MF
and the MB approach respectively. In both cases and for
all gBB values that we have addressed it is found that at
initial times D(t) increases and consecutively oscillates
as time evolves. However, this initial increase occurs
faster for weaker intraspecies interactions. In particu-
lar, D(t) reaches a local maximum with D(t ≈ 23) ≈ 29
andD(t ≈ 23) ≈ 22 within the MF and the MB approach
respectively for gBB = 0.2. In contrast to the above and
e.g. for gBB = 1, the first maximum appears around
t ≈ 50. Here, D(t ≈ 51) ≈ 38 and D(t ≈ 50) ≈ 38 for
the MF and the MB case respectively. The observed dif-
ferences in the oscillation ofD(t) can be attributed to the
fact that larger gBB implies a more repulsive environment
which in turn slows down the initial expansion of the im-
purities. The latter effect is more pronounced within the
MF theory when compared to the MB outcome. Evi-
dently, for evolution times t > 80 almost damped oscilla-
tions of D(t) for all gBB values occur when correlations
are present. A behavior that is absent within the MF
treatment.
E. Interspecies energy transfer
To further analyze and understand the nonequilib-
rium dynamics of the BF mixture occurring for different
postquench interspecies interaction strengths below we
focus on the study of the distinct energy contributions.
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More specifically, the normalized energy of the bosonic
species is EB(t) = 〈Ψ(t)|TˆB + Vˆ (x) + HˆBB|Ψ(t)〉 −
〈Ψ(0)|TˆB + Vˆ (x) + HˆBB|Ψ(0)〉, and for the fermionic im-
purities corresponds to EF (t) = 〈Ψ(t)|TˆF + Vˆ (x)|Ψ(t)〉.
Additionally, the interspecies interaction energy is
EBF (t) = 〈Ψ(t)|HˆBF |Ψ(t)〉. Note that the kinetic
and the potential energy operators of the σ = B,F
species are Tˆσ = −
∫
dxΨˆσ†(x) ~
2
2m (
d
dxσ
)2Ψˆσ(x) and
Vˆσ =
∫
dxΨˆσ†(x)12mω
2x2Ψˆσ(x) respectively. The
operators of the intra- and interspecies interactions
read HˆBB = gBB
∫
dx ΨˆB†(x)ΨˆB†(x)ΨˆB(x)ΨˆB(x) and
HˆBF = gBF
∫
dx ΨˆB†(x)ΨˆF†(x)ΨˆF (x)ΨˆB(x). Also,
Ψˆσ(x) [Ψˆσ†(x)] denotes the σ species field operator that
annihilates [creates] a σ species particle at position x.
The time-evolution of the above-mentioned energy con-
tributions is shown in Fig. 8 for a varying gBF both
within the MF approximation [Figs. 8 (a), (c), (e)] and
in the MB approach [Figs. 8 (b), (d), (f)]. Referring to
weak postquench interactions, e.g. gBF = 0.3, all en-
ergy parts are mainly constant throughout the dynamics
and EB(t) < EF (t) < EBF (t) holds. This result being
almost identical in both the MF and the MB scenario
[Figs. 8 (a), (b)] suggests that in the weak interaction
regime the role of correlations is negligible. Turning to
stronger interactions, e.g. gBF = 1.5, we observe that the
different energy contributions undergo a much more in-
volved dynamics in both approaches [Figs. 8 (c), (d)]. In-
deed, when all particle correlations are neglected EBF (t)
decreases while EB(t) and EF (t) increase at the initial
stages of the dynamics (0 < t < 35). For later times
all the different energy contributions exhibit large am-
plitude oscillations in time being more pronounced for
EB(t). In particular, EB(t) and EF (t) oscillate in-phase
with respect to one another and both are out-of-phase
with EBF (t). This latter behavior suggests that a peri-
odic energy transfer process from the fermionic impurities
(bright solitons) to the bosonic environment occurs as a
consequence of the DB oscillatory motion. More specif-
ically, when the bright solitons travel towards the edges
of the BEC medium [see also Fig. 4 (c)] they acquire
more kinetic energy, and thus EF (t) increases, and con-
vey energy to the bosonic bath resulting to an increase of
the energy, EB(t), of the latter. This energy stems from
the large EBF at t = 0 which subsequently decreases.
On the other hand, when the bright solitons are reflected
back to the trap center [Fig. 4 (c)] they become slower
[105, 106] and therefore EF (t) and consequently EB(t)
become smaller while EBF (t) increases since the inter-
action between the two species is larger. However, the
dynamical behavior of the corresponding energy contri-
butions within the correlated treatment is drastically dif-
ferent when compared to its MF counterpart [Figs. 8 (c)
and (d)]. Recall that such a deviation is already evident
from the corresponding single-particle density evolution,
see e.g. Figs. 4 (c) and (g). Initially, 0 < t < 35, EBF (t)
reduces while EF (t) and EB increase. Indeed, within this
time interval the two fermionic density branches move to
the edges of the bosonic bath [Fig. 4 (g)] with a large ki-
netic energy and as a result devolve energy to the latter.
For 35 < t < 95, EB(t) and EBF (t) oscillate out-of-phase
whilst EF (t) increases while performing small amplitude
oscillations. Therefore the fermionic impurities transfer
a part of their energy to the bosonic gas. It is in this time
interval that ρ
(1)
F (x; t) resides close to the boundaries of
ρ
(1)
B (x; t) and still weakly interacts with the BEC. Deeper
in the evolution, t > 95, all energy components acquire
an almost constant value with EB(t) ≡ EF (t) < EBF (t).
Recall that for t > 95 ρ
(1)
F (x; t) resides at the edges of
ρ
(1)
B (x; t) and therefore the two species barely interact.
Inspecting the energies for even stronger interactions,
gBF = 3, [Figs. 8 (e), (f)] we can deduce that an overall
similar to the above-described dynamics takes place. Fo-
cusing on the MF approximation we observe that at the
initial time period (0 < t < 30) the decrease of EBF (t)
is accompanied by a simultaneous increase of both EF (t)
and EB(t) with the magnitude of the latter found to be
larger. We remark that in this time interval the bright
solitons move to the edges of the BEC cloud thus be-
coming faster [Fig. 4 (d)] and transfering energy to the
bosonic bath. For t > 30, EF (t) and EB(t) oscillate
in-phase with each other but out-of-phase with EBF (t).
Note also the much larger oscillation amplitude of EB(t)
as compared to EF (t). Overall when the bright soli-
tons travel to the edges (core) of the BEC medium they
acquire more (less) kinetic energy. The corresponding
EBF (t) becomes smaller (larger), and the bosonic bath
gains (looses) energy [see also Figs. 4 (b), (d)]. On the
contrary, turning to the MB description the energies show
again a quite different behavior to the one observed in
the MF approximation. For times up to t = 10, EBF (t)
decreases favoring an increase of EF (t) and EB(t) such
that EF (t) ≪ EB(t). Recall that in this time interval
ρ
(1)
F (x; t) breaks into two repelling density branches [Fig.
4 (h)]. As a consequence the increase of EF (t) can be at-
tributed to the increasing kinetic energy of the fermions,
in this time interval, that leads to a transfer of energy
from the fermions to the bosons. For t > 10, EB(t)
exhibits an overall increasing tendency oscillating out-
of-phase with EBF (t) which in turn decreases. Simulta-
neously, EF (t) slightly increases in time. This approxi-
mately constant behavior of EF (t) essentially reflects the
almost steady behavior of ρ
(1)
F (x; t) during evolution [see
also Fig. 4 (h)]. Another important observation here is
that EB(t) is found to be larger for gBF = 3 when com-
pared to the relevant energy contribution for gBF = 1.5,
indicating that for these stronger interspecies interactions
the energy gain of the bosonic bath is even larger.
F. Degree of correlations
To quantify the correlated nature of the BF mix-
ture dynamics we next estimate the degree of entan-
glement (interspecies correlations) by employing SV N (t)
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[Eq. (8)]. Additionally, we invoke Fσ(t) [Eq. (9)]
to infer about the fragmentation (intraspecies correla-
tions) of the system’s MB state [Eqs. (2) and (3)]. Re-
call that SV N (t) 6= 0 designates the presence of entan-
glement otherwise the system is termed non-entangled
[79, 87]. Also, when Fσ(t) > 0 the σ-species is said
to be intraspecies correlated (see also Sec. II C). Most
importantly, since the fermionic species consist of spin-
polarized, namely non-interacting, fermions the exis-
tence of their intraspecies correlations during evolution
is caused by the presence of the interspecies correlations.
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FIG. 9. (a) Von-Neumann entropy for fixed gBB = 0.5 and
different postquench gBF (see legend). (b) Deviation from
unity of the first natural population of the bosonic cloud for
gBB = 0.5 and varying gBF . (e) [(f)] Deviation from unity of
the first two natural populations of the fermions for gBB = 0.5
and distinct gBF (see legend). Other system parameters are
the same as in Fig. 2.
Figure 9 presents SV N (t) and Fσ(t) during the inter-
species interaction quench dynamics of the BF mixture
for a varying gBF . Recall that the initial (ground state)
single-particle densities of the σ species [see the discus-
sion in Sec. III A] are almost identical within the MF and
the MB description [Figs. 1 (a), (d)]. As a result at t = 0
the BF mixture is mainly uncorrelated and this is also
confirmed by the fact that SV N (0) ≈ 0, FF (0) ≈ 0 and
FB(0) ≈ 0.02 [see Fig. 9]. On the other hand, inspect-
ing the time-evolution of the above-mentioned quanti-
ties we can infer about the presence of both inter- and
interspecies correlations. For weak postquench interac-
tions, gBF = 0.3, there is only a small amount of inter-
and intraspecies correlations since both SV N (t) and Fσ(t)
are suppressed taking very small values and being al-
most constant in time. However, for stronger interac-
tions such as gBF = 1.5, 3 the entropy SV N (t) as well
as Fσ(t) increase during the evolution and tend to sat-
urate to a certain finite value. This indicates that the
underlying MB state is strongly both entangled and frag-
mented. Also stronger postquench effective interspecies
interactions, gBF , result to larger values of SV N (t) and
Fσ(t). Another interesting observation is that SV N (t)
and FF (t) increase more rapidly at the initial stages of
the dynamics than FB(t) which grows in a slower man-
ner. This suggests that the interspecies correlations and
fermionic intraspecies correlations are stronger than the
bosonic intraspecies ones (see also below).
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G. Evolution of the one-body coherence
In order to further expose the role of correlations in the
above-discussed interaction quench dynamics of the BF
mixture we finally resort to the corresponding σ species
one-body coherence function g
(1)
σ (x, x′; t) of Eq. (6) [see
Fig. 10]. Closely inspecting g
(1)
B (x, x
′; t) we can deduce
that the bosonic species is fully coherent within the time
interval (0 < t < 50) that the two fermionic density
branches travel towards its edges [see also Figs. 4 (e),
(g)]. Indeed, for this time interval g
(1)
B (x, x
′; t) ≈ 1 for
every x, x′ lying within the spatial extent of the bosonic
cloud [Figs. 10 (a), (b)]. For later evolution times where
the aforementioned fermionic density branches probe the
edges of the bosonic species we observe that losses of co-
herence, namely g
(1)
B (x, x
′; t) < 1, occur either between
the two edges, e.g. 10 < x′ < 15 and −15 < x < −10,
or between one edge and the core of the bosonic cloud,
e.g. −8 < x′ < 8 and 10 < x < 15. Regarding the
coherence of the impurity species we can infer that each
fermionic density branch is perfectly coherent with itself
having g
(1)
A (x, x
′ = x; t) ≈ 1 [Figs. 10 (e)-(h)] but it is
almost fully incoherent with the other branch, since e.g.
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g
(1)
A (x = 8, x
′ = −8; t) ≈ 0.3 throughout the dynam-
ics [Figs. 10 (g)-(h)]. Therefore we can conclude that
during the evolution the BF mixture develops Mott-like
one-body correlations [79, 87, 88] that emerge between
the two fermionic density branches indicating their spa-
tial localization.
IV. SUMMARY AND CONCLUSIONS
We have investigated the nonequilibrium quantum dy-
namics of a harmonically trapped particle imbalanced BF
mixture consisting of two spin-polarized fermionic impu-
rities and a majority bosonic species upon quenching the
interspecies repulsion from the weak to the strong inter-
action regime. Comparing the dynamics within the MF
approximation and the MB level enables us to expose
the crucial role of correlations, especially in the time-
evolution of the impurities, and reveal a variety of dy-
namical regimes occurring for different interspecies in-
teraction strengths.
In the ground state of the particle imbalanced BF mix-
ture a phase separation between the two species occurs,
both at the MF and the MB level for increasing inter-
species interaction strengths which overcome the bosonic
intraspecies ones. In particular, the fermionic ground
state single-particle density deforms from a Gaussian-
like distribution located around the trap center and fully
overlapping with the Thomas-Fermi profile of the bosonic
species into two spatially separated density humps resid-
ing at the edges of this Thomas-Fermi profile. To trig-
ger the dynamics we consider an interspecies interaction
quench from the weak towards the strongly interacting
regime. Depending on the final value of the interspecies
interactions we realize four different dynamical regimes.
For weak postquench interactions both species undergo
a breathing motion while remaining miscible throughout
the evolution. Here, the degree of correlations is neg-
ligible and therefore the MF approximation adequately
captures the dynamics of the mixture. Increasing the
postquench interaction strength the density of the im-
purities splits into two repelling density peaks moving
towards the edges of the bosonic cloud which performs a
breathing motion. In the MF approximation, these den-
sity branches reach the edges of the bosonic cloud and
then they are reflected back to the trap center where
they collide and subsequently exhibit a dispersive be-
havior. The latter suggests that the impurities are in
a superposition of several lower-lying excited states of
their external potential. At the MB level the dynamics
of the mixture shows the same overall phenomenology.
However, the dispersive character of the single-particle
density of the impurities is more pronounced, indicating
that they are in a superposition of higher excited states
compared to the MF case.
For stronger postquench interaction strengths the dy-
namical behavior of both the fermionic and the bosonic
species alters drastically. Within the MF approximation
we observe the spontaneous generation of two DB soli-
ton states, with the bright solitary waves building upon
the fermionic species and the corresponding dark states
appearing in the bosonic gas. We have verified their ex-
istence by inspecting the phase jump of the dark soli-
tons as well as by performing a fitting of the numerically
obtained single-particle densities to the analytical wave-
forms of this type of states. Turning to the MB approach
we identify significant deviations with respect to the MF
dynamics. In particular, after the quench the fermionic
density breaks into two distinct localized humps which
travel towards the edges of the bosonic cloud and are
accompanied by the formation of density dips in the lat-
ter resembling this way DB states. For later times, the
fermionic density humps reach the edges of the bosonic
cloud and undergo a small amplitude oscillatory motion
around the Thomas-Fermi radius of the bosonic species.
This latter process signifies the dynamical decay of the
DB state and thus provides an undeniable effect of the
presence of correlations.
Quenching to very strong interspecies interactions and
focusing on the MF approximation we again observe the
formation of DB states with a slightly modified oscil-
lation period and amplitude of the bright states when
compared to weaker interspecies interactions. However,
at the MB level the fermionic density initially splits into
two repelling humps which subsequently oscillate with a
very small amplitude and deeper in the evolution tend
to approach an almost steady state. Here, the majority
species forms density dips at the spatial regions where
the density peaks of the impurities density are located.
To further understand the dynamics we have employed
other diagnostics such as the different energy contribu-
tions of each of the species as well as their mutual in-
teraction energy and the one-body coherence function.
Inspecting the energy contributions during the dynam-
ics it becomes evident that entering the strong inter-
species interaction regime after the quench an energy ex-
change process from the impurities to the bosonic bath
occurs when correlations are taken into account. How-
ever, within the MF approximation a periodic back and
forth energy transfer from the bright states (impurities)
to the BEC medium takes place. Monitoring the one-
body coherence function reveals the appearance of Mott-
like correlations between the emergent fermionic density
humps for strong postquench interactions, thus indicat-
ing their tendency for localization. Finally, resorting to
the population eigenvalues of the single-particle functions
appearing in the MB ansatz we have identified that both
inter- and intraspecies correlations become stronger for a
larger postquench interaction strength.
There is a multitude of several promising extensions
of the current work that are of interest for future inves-
tigations. An interesting prospect is to unravel the cor-
responding interspecies interaction quench dynamics in
the case of two interacting bosonic impurities immersed
in either a bosonic or fermionic bath in order to systemat-
ically examine the role of their induced interactions in the
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course of the evolution. Also, the inclusion of tempera-
ture effects in such an investigation would be highly desir-
able [110, 111]. Another intriguing direction would be to
examine the periodically driven dynamics of one and two
impurities inside a non-perturbed bosonic bath and sub-
sequently inspect their emergent dissipative motion into
the bath with respect to the driving frequency. Certainly
the simulation of the corresponding radiofrequency spec-
trum [63] or the structure factor of the present system
[76] by considering spinor impurities in order to identify
the emerging polaronic states and subsequently investi-
gate their lifetime and residue constitutes an intriguing
perspective.
Appendix A: Convergence and ingredients of the
many-body simulations
As we have already discussed in the main text, in or-
der to simulate the correlated nonequilibrium dynam-
ics of the considered Bose-Fermi mixture we utilize
the Multi-Layer Multi-Configurational Time-Dependent
Hartree Method for Atomic Mixtures (ML-MCTDHX)
[81]. It is a variational method for solving the time-
dependent MB Schro¨dinger equation of various types of
atomic mixtures consisting either of bosonic [65, 79] or
fermionic [80, 102, 103] species and also spin degrees of
freedom [63, 76]. The key ingredient of this numerical
approach is the expansion of the MB wavefunction with
respect to a time-dependent variationally optimized ba-
sis. This allows us to include all the relevant intra- and
interspecies correlations into our MB ansatz using a com-
putationally feasible basis size. Therefore the relevant
subspace of the Hilbert space at each time instant of the
evolution is chosen in a more efficient manner when com-
pared to methods relying on a time-independent basis.
In particular, the considered Hilbert space truncation
is designated by the employed orbital configuration space
denoted as C = (D; dB, dF ). Here, D = DB = DF and
dB, dF refer to the number of species and single-particle
functions respectively of each species [see also Eqs. (2)
and (3)]. Also, within our numerical calculations we use
a primitive basis based on a sine discrete variable repre-
sentation including 600 grid points. We note that this
sine discrete variable representation intrinsically intro-
duces hard-wall boundary conditions which in our case
are imposed at x± = ±50 and, of course, do not affect our
results since we do not observe appreciable densities to
occur beyond x± = ±25. To infer about the convergence
of the MB simulations we testify that the observables of
interest become almost insensitive (within a given level
of accuracy) upon varying the used orbital configuration
space, C = (D; dA; dB). Note also that all MB calcula-
tions presented in the main text are based on the orbital
configuration C = (10; 3; 8). To showcase the conver-
gence of our results for a varying number of species and
single-particle functions e.g. we track the relative dis-
tance between the two fermionic impurities during the
nonequilibrium dynamics. More precisely, we calculate
its absolute deviation between the C = (10; 3; 8) and
other orbitals configurations C′ = (D; dA; dB)
∆DC,C′(t) =
|DC(t)−DC′(t)|
DC(t)
. (A1)
Figure 11 shows ∆DC,C′(t) between the two fermionic
impurities upon considering an interspecies interaction
quench from gBF = 0.1 to gBF = 1.5. It becomes
evident that a systematic convergence of ∆DC,C′(t) is
achieved. For instance, comparing ∆DC,C′(t) between
the C = (10; 3; 8) and C′ = (6; 3; 6) orbital configura-
tions we deduce that the corresponding relative differ-
ence lies below 9% throughout the evolution. Also, the
relative deviation, ∆DC,C′(t), when C = (10; 3; 8) and
C′ = (10; 3; 6) becomes at most of the order of 6% in the
course of the dynamics. Finally, we remark that a simi-
lar analysis has been performed for all other postquench
interspecies interaction strengths presented in the main
text and found to be adequately converged (not shown
here for brevity).
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